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E. Bouscaren “Introduction to modei theory” 1
$\epsilon$ $L$ ring language $\{+, -, \cdot, 0,1\}$
1450 2005 1-22
21 Quantifier Elimination $(\mathrm{Q}.\mathrm{E}.)$
Definition I ,$\mathrm{C}$ -theo $T$ quantifier elimination ,C-formula $\varphi(\overline{x})$
quantifier free $\mathcal{L}$ -formula $\psi(\overline{x})$ $T$ $BI$
$\mathrm{A}I\models\forall x(\varphi(\overline{x})\Leftrightarrow\psi(x))$
$\mathrm{Q}.\mathrm{E}$ . ( )
$\forall\overline{x}(\exists y(y^{2}+x_{1}y+x_{2}=0)\Leftrightarrow x_{1}^{2}-4x_{2}\geq 0)$
quantifier $\exists$ eliminate ( $L_{ord}=\{+,$ $-,$ $\cdot,$ $<,$ $0,1\}$ )
Resultant $k$
$f(y,\overline{x}),$ $g(y,\overline{x})\in k[y,\overline{x}]$ $f$ $g$ $y$
$\forall\overline{x}(\exists y(f(y,\overline{x})=0\Lambda g(y,\overline{x})=0)\Leftrightarrow{\rm Res}(f,g,y)=0)$
first order sentence parameter (quan-
tifier ) ( )
$\forall$ $\exists$ form $\mathrm{u}\mathrm{l}\mathrm{a}$
quantifier
$p$ $ACF$ $\mathrm{Q}.\mathrm{E}$ .
[1] Pillay back and forth (
Poizat[2] ) Fried, Jarden[3]
formula $\varphi(x_{1}, \ldots, x_{n})$ prenex normal form
$Q_{1}y_{1}\cdots Q_{m}y_{m}\psi$ ( $x_{1},$ $\ldots,$ $x_{n},$ $y_{1},$ $\ldots$ \sim ym)
$Q_{i}$ $\exists$ $\forall$ $\psi$ quantifier free
Lemma 2 (1) $\sim\sigma^{\iota}$ -formula $\varphi(\overline{x})$ prenex nomal form formula
formula
2
3Lemma 3 quantifier free $\mathcal{L}$-fomula disjunctive-conjunctive nomal $fom$
formula $z_{ij}$ ,$\mathrm{C}$-atomic formula
$i\in I\vee$
$z_{ij}$ A $j\in J’\Lambda\urcorner z_{ij})$
de-Morgan
Lemma 2. $\mathrm{Q}.\mathrm{E}$ . $\exists y\psi(x_{1}, \ldots, x_{n}, y)$ formula quantifier
$\forall y\psi$ $\neg\exists y\neg\psi$
prenex normal form quantifier
$L$ atomic formula $\mathbb{Z}$ $\bigwedge_{i}g_{i}(\overline{x})\neq 0$ $\prod_{i}g_{1}(\overline{x})\neq 0$
$\exists y(\psi\vee\theta)$ $\exists y\psi\vee\exists y\theta$ $ACF$
$\mathrm{Q}.\mathrm{E}$ .
(\dagger ) $\exists y(fi(\overline{x}, y)=0\Lambda\cdots f_{m}(\overline{x}, y)=0\wedge g(\overline{x}, y)\neq 0)$
quantifier free $ACF$ $f_{1},$ $\ldots f_{m},$ $g\in$
$\mathbb{Z}[\overline{x}, y]$
Lemma 4 $T$ $L$ -theory (\dagger ) formula
$\bigvee_{\overline{l}}\varphi_{i}(\overline{x})\Lambda\exists y(h_{i}(x,y)=0\Lambda g_{i}(\overline{x}, y)\neq 0)$
formula $T$ $\varphi_{i}(x.)$ quantifier free $h_{i},$ $g_{i}\in$
$\mathbb{Z}[x, y]$
Proof. $p(\overline{x}, y),$ $q(\overline{x}, y)\in \mathbb{Z}[\overline{x}, y]$ $0\leq\deg_{y}p\leq\deg_{y}q=d$
$p(\overline{x},y)=a_{k}(\overline{x})y^{k}+a_{k-1}(\overline{x})y^{k-t}+\cdots a_{0}(\overline{x})$,
$a_{i}\in \mathbb{Z}[\overline{x}]$ , $0\leq j\leq k$
$p_{j}(\overline{x}, y)=a_{j}(\overline{x})y^{j}+aj-1(\overline{x})y^{j-1}+\cdots a_{0}(\overline{x})$
3
4, $(\overline{x})$ 0 $a_{j}(\overline{x})^{d}q(\overline{x}, y)$ $y$ $pj(\overline{x},y)$
$q_{I}(\overline{x}, y)$ $rj(\overline{x}, y)$




$b_{n_{7}}c$ . $a_{k}(\overline{b})=\cdots=a_{j+1}(\overline{b})=0$ $aj(\overline{b})\neq 0$
$p(\overline{x}, y)=0\wedge q(\overline{x}, y)=0$ $p_{j}(\overline{b}, c)=0\wedge r_{j}(\overline{b}, c)=0$
$a_{j}(\overline{x})$ $r_{j}(\overline{x})$ 0 $p(\overline{x}, y)=0\Lambda q(\overline{x}, y)=0$





Lemma 5 $\mathrm{t}\mathrm{t}$ ) $m=1$ formula
$\bigvee_{i}\varphi_{i}(\overline{x})\Lambda\exists y(g_{i}(\overline{x},y)\neq 0)$
$f_{\mathit{0}7}mula$ $ACF$ \mbox{\boldmath $\varphi$}j( quantifier free
$h_{i},$ $g_{i}\in \mathbb{Z}[\overline{x}, y]$
Proof. $K$ $b_{1},$ $\ldots,$ $b_{n}\in K$ $f(\overline{b}, y)$ 0
$K\vdash-\exists y(f(\overline{b}, y)=0\Lambda g(\overline{b}, y)\neq 0)$
$g(\overline{b}, y)\not\in\sqrt{f(\overline{b},y)}$ $\deg_{y}(f(\overline{x}, y))=k$ $K[y]$
$f(\overline{b}, y)$ $g(\overline{b}, y)^{k}$ $p(\overline{x}, y)=$
$f(\overline{x}, y),$ $q(\overline{x}, y)=g(\overline{x}, y)^{k}$ notation $\exists y(f(x, y)=0\wedge$
$g(\overline{x}, y)\neq 0)$ $ACF$
$\mathrm{V}_{j=0}^{k}$ ( $a_{k}(\overline{x})=0\Lambda\cdots\Lambda a_{j+1}(\overline{x})=0$ A $a_{j}(\overline{x})\neq 0\Lambda\exists yr_{j}(\overline{x},y)\neq 0$ )
$\vee(a_{k}(\overline{x})=0\Lambda\cdots\Lambda a_{0}(\overline{x})=0\Lambda\exists yg(\overline{x},y)\neq 0)$
4
5Lemma 6 $T$ sentence
$\exists y(g(\overline{x}, y)\neq 0)$ $T$ quantifier free formula
Pu$oof$.
$g(\overline{x},y)=a_{l}(\overline{x})y^{l}+a_{l-1}(\overline{x})y^{l-1}+\cdots+a_{0}(\overline{x})$
$a_{l}(\overline{x})\neq 0\vee a_{l-1}(\overline{x})\neq 0\cdots\vee a_{0}(\overline{x})\neq 0$
$T$
Theorem 7 $ACF$ $Q.E$.
Proof. $ACF$ 3
model theory $\forall$ $\exists$
elementary extension $\mathrm{Q}.\mathrm{E}$ .
Lemma 8 $Q.E$. $T$ model complete $II,$ $N\models T$
$\Lambda I\underline{\subset}N\Leftrightarrow\Lambda I\prec N$ .
Proof. $\varphi.(\overline{x})$ lC-formula, $\overline{a}$ $\Lambda I$ tuple $\mathrm{A}I\models\varphi(a)$ $\Leftarrowarrow N\models\varphi(\overline{a})$
$\mathrm{Q}.\mathrm{E}$ . quantifier free formula $\psi(\overline{x})$ $\Lambda I,$ $N$ $\varphi(\overline{a})\Leftrightarrow$
$\psi(\overline{a})$ quanfifier free $\psi(\overline{a})$
$ACF$ model complete $ACF$ $p$ sen-
tence $ACF_{p}$ $ACF_{p}$ complete
model completeness ( AC complete
)
complete consistency sentence (
$L$-sentence $\sigma$ consistent )
$ACF_{p}$ 2 $fI,$ $N$ $\mathrm{A}I\equiv N$
$ACF_{p}$ ( $T_{ACF_{\mathrm{P}}}$ ) complete
$\mathrm{A}I\equiv N$ $L$-sentence $\sigma$ $\mathrm{A}I\vdash-\sigma=N\models\sigma$
$\Lambda I,$ $N\models ACF_{p}$ $\lambda I,$ $N\models T_{4CF_{p}}\wedge$ $T_{A\text{ }F_{p}}$ complete




) consistency $\mathrm{A}I,$ $N$ $\Lambda I,$ $N\vdash-ACF_{p}$ Th(M)\neq
Th(N) $\Lambda I\not\equiv N$
$\mathrm{J}^{\mathit{1}}.I,$ $N$ $p$ prime field model
completeness Th(M) $=\mathrm{T}\mathrm{h}(N)$ $\Lambda I\equiv N$












Corollary 9 $ACF_{p}$ model complete complete
Th(C) $=T_{ACF_{0}}$ $ACF_{0}$
(recursively axiomatizable) $\text{ }$ Th(Q) G\"odel
recursively $\mathrm{a}\mathrm{x}\mathrm{i}_{\mathrm{o}\mathrm{I}}\mathrm{n}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{z}\mathrm{a}\mathrm{b}1\mathrm{e}$
2 Compactness theorem
complete $L$-theory ( $\mathcal{L}$-sentence complete )
,$\mathrm{C}$-sentence $\varphi$’ $\langle\acute{\backslash }\rho\rangle=\{T\in \mathfrak{T};\varphi\in T\}$
$\langle\varphi\rangle$ open base $\mathfrak{T}$ Hausdorff space
basic open set $\langle\varphi\rangle$ clopen
Theorem 10(Compactness theorem) I compact
Stone space Poizat [2]
Compactness theorem .
Corollary 11 $\Sigma$ $Z$ -sentence
$\Sigma$ consistent (model ) iff $\Sigma$ consistent (model
) .
6
7Ptoof. family $\{\langle\varphi\rangle;\varphi\in\Sigma\}$ finite intersection property
$\varphi$
$\lambda I$ $T=\mathrm{T}\mathrm{h}(\Lambda I)$ $\langle\varphi\rangle$
$\square$
Corollary 12 $\Sigma$ $L$ -sentence
1. $\Sigma$ consistent (model ) iff $\Sigma$





Lemma 13 $\mathrm{A}I,$ $N$ $\lambda I\equiv N$ $L$ -structure $\mathbb{J}I,$ $N$ elementary
extension
constants expansion $\mathrm{A}I$ $\mathcal{L}$-structure, $A$ $\Lambda I$
subset $\mathcal{L}$ constant $\{c_{a}.\}_{a\in A}$ ( $A$
) c $a$ $L(A)$
$\lambda I$ $L(A)$-structure $\lambda I$ $\mathcal{L}$-theory ( $\lambda I$
$L$.-sentence ) $T=\mathrm{T}\mathrm{h}(\mathbb{J}I)$ $\sim’(A)$-theory $T(A)=\mathrm{T}\mathrm{h}(\mathbb{J}I, a)_{a\in A}$
Proof. $L(\mathrm{A}I\cup N)$-theory $T(\lambda I)\cup T(N)$ consistent ( )
$L$-reduct ( $\mathcal{L}$ )
$\mathrm{A}I$
$T(\mathrm{A}I)$ $\mathrm{A}I$ ( $\Lambda I$ constant symbol
) $T(N)$ $\varphi’(\overline{b})$
$\overline{b}\in N$ $N|=\exists\overline{x}\varphi(\overline{x})$ . $\Lambda I\equiv N$ $\Lambda I\models\exists\overline{x}\varphi(\overline{x})$ . $\overline{b}’\in\Lambda I$
$\mathrm{A}I\vdash-\varphi(\overline{b}^{l})$ . constant symbol b- $\overline{b}’$
compact ness theorem $\square$
$\mathrm{A}I\prec K\Leftarrow\gg K\models T(\mathrm{A}I)$
$\sim\sigma^{1}(AI\cup N)$ $\mathcal{L}\cup\{c_{a}\}_{a\in M}\cup\{d_{b}\}_{d\in N}$
elementary extension $\Lambda I$ $N$ $\sim T^{\backslash }$ ( constant
symbol $T(\mathrm{A}I),$ $T(N)$ constant symbol
7
$\epsilon$
Lemma 14 $\{\mathrm{A}I_{i}\}_{i\in I}$ elememtary equivalent $L$ -structure
elementary extension
$T$ complete $/\mathrm{e}$-theory, $\lambda I$ $T$ ( : $\lambda I$ &structure,
$T=\mathrm{T}\mathrm{h}(\mathrm{A}I)$ ) $A$ $\lambda l$ (universe ) subset n-formula
$p$
$A$ partial $n$-type $p$ $\lambda I^{n}$
$L(A)$ -formula n-formula variables
$x_{1},$ $\ldots,$
$x_{n}$ constants $p$ $L(A\cup\{\overline{x}\})$ -theory complete
(complete) $n$-type over $A$ $S_{n}^{M}(A)$ $\mathrm{A}I$
$S_{n}(A)$
Lemma 15 par $\mathrm{i}aln$ -type $p$ $\lambda I$ elementary extension
partial $n$ -type $\Lambda I$ elementa extension
Proof. type variables $x_{1},$ $\ldots,$ $x_{n}$ new constants $\mathcal{L}(\mathrm{A}I\cup\{\overline{x}\})$
$p\cup T(\Lambda I)$ compactness theorem $N$ $N$ $T(\mathrm{A}I)$
, $L$-reduct $\Lambda I$ $(\mathcal{L}-)\mathrm{e}\mathrm{l}\mathrm{e}\mathrm{m}\mathrm{e}\mathrm{n}\mathrm{t}\mathrm{a}\mathrm{r}\mathrm{y}$ extension
$N$ $p$ reduct I $p$
partial type elementary extension $\text{ }$
$T(\lambda I)$ $L(\mathrm{A}I)$-structure elementary equivaient
$\square$
partial type elementary extension
$\Lambda I$ $\mathrm{Z}(\lambda I)$
$p\in S_{n}(A)$ $N\succ\lambda I$(elementary extension), $\overline{a}\in N$ a- $p$
$p$ complete(consistent ) $p=\mathrm{t}\mathrm{p}^{N}(\overline{a}/A)$
$L(A)$ -formula $\mathrm{t}\mathrm{p}^{N}(\overline{a}/A)=\{\varphi(\overline{x})\in$
$\mathcal{L}(A);N\models\varphi’(\overline{x})\}$ $\mathrm{t}\mathrm{p}(\overline{a}/A)$ $N$ $\in L(A)$ $L(A)$ -formula
$S_{n}(A)$ $L(A)$-formula $\varphi(\overline{x})$ $\langle\varphi(\overline{x})\rangle=\{p\in$
$S_{n}(A);\varphi\in p\}$ $\langle\varphi(\overline{x})\rangle$ open base $S_{n}(A)$
Hausdorff space basic open set clopen
Theorem 16 $S_{n}(A)$ compact
8
9Proof. $\{C_{\lambda}\}_{\lambda\in\Lambda}$ $C_{\lambda}$ $\bigcap_{i\in I_{\lambda}}\langle\varphi_{i}^{\lambda}(\overline{x})\rangle$
$p\in S_{n}(A)$
$q=\{’\varphi_{i}^{\lambda}(\overline{x});\lambda\in\Lambda, \mathrm{i}\in I_{\lambda}\}$ $q$ formula
$\Lambda I$ $q\in S_{n}(A)$ $q \in\bigcap_{\lambda}C_{\lambda}$
$\psi_{1},$ $\ldots,\psi_{m}\in q$ $\bigcap_{1\leq k\leq m}\langle\psi_{k}\rangle$ $C_{\lambda}$
$\bigcap_{1\leq k\leq m}\langle\psi_{k}\rangle$ $p\in S_{n}(A)$ $p$ $\psi_{k}$ type
$\mathrm{H}fl\check{\downarrow}\supset$
compactness theorem
$p\in S_{n}(A)$ $p\supset T(A)$
$\varphi\in T(A)$ $p\ni\varphi\Lambda x_{1}=x_{1}\Lambda\ldots\Lambda x_{n}=x_{n}$ $p$
complete $\epsilon(A\cup\{\overline{x}\})$-theory
$p$ complete $\mathcal{L}(A\cup\{\overline{x}\})$-theory $N$ ,$\mathrm{C}(A)$-reduct
complete $T(A)$ $\Lambda I$ elementary equivalent
$p$
$\mathrm{A}I$ finitely satisfiable $p\in S_{n}(A)$
$L(A\cup\{\overline{x}\})$ complete theory $\mathfrak{T}$ Stone space
$S_{n}(A)$ $\cap,\in T(A$ }
$\langle\varphi\rangle$ Stone space
compactness theorem 1 [1], $\mathrm{p}63$ Corollary 1.5
Proposition 17 $F$ $p$ $k$ perfect $X\subseteq F^{n}$
$k$ -definable set, $f$ : $Xarrow F$ $k$ -definable function k-
definable sets $X_{1},$ $\ldots,$ $X_{m}$ $k$ -rational functions $f1(\overline{x}),$ $\ldots$ , $f_{m}(\overline{x})$ $j(1),$ $\ldots,$ $j(m)$
$X=X_{1}$ U. $..\cup X_{m}$ $f|X_{i}$. $=(Fr^{-j(i)}\cdot f_{i})|X_{i}$ $Fr$ Frobenius
map
Proof. [1] $\mathrm{p}63$ Corollary 1.4 $A$ $F$ subset, $k$ $A$
$a\in F$ $a\in dcl(A)$ iff $a\in k_{ins}$ $k_{\mathrm{i}ns}=$
$\bigcup_{n}Fr^{-n}(k)=k^{p^{-\varpi}}$
$X,$ $f$ define $L(k)$ -formula $\varphi(\overline{x}),$ $\psi(\overline{x}, y)$ $L(k)$ -formula $\varphi\wedge\psi$
$S_{n+1}(k)$ $\langle\varphi\wedge\psi\rangle$ $p\in S_{n+1}$ (
$p\in\varphi\Lambda\psi$ $p$ elementary extension $F’$ ( $F$
) 1 $(\overline{b}, a)$ $a\in dcl(k\cup\{\overline{b}\})$ $a\in(k(\overline{b}))_{ins}$




$f_{p}=h_{p}/k_{p},$ $h_{p},$ $k_{p}\in k[\overline{x}]$
$k_{p}(\overline{x})\neq 0\Lambda\varphi(\overline{x})\Lambda\exists y,$
$z(yk_{p}(\overline{x})=h_{p}\Lambda y=z^{j_{p}}\Lambda\psi(\overline{x}, z)$
$\theta_{p}(\overline{x}, y)$ $p\in\langle\theta_{p}(\overline{x}, y)\rangle$ .
$p\in\varphi\Lambda\psi$ $\theta_{p}$ $S_{n+1}(k)$ compact
$\text{ }$
$p$ ) compactness theorem $F^{n+1}$




$T$ complete $L$-theory, $\Lambda I$ $T$ $A$ $\lambda I$ subset
$S_{n}(A)$ elementary extension
elementary extension
partial $1$ -type $p=$
$\{x\neq a;a\in \mathrm{A}I\}$ $\mathrm{A}I$ partial type Zorn




Theorem 18 $\omega$’-saturated elementary extension
Proof. elementary extension
1-type, $2\mathrm{t}\mathrm{y}\mathrm{p}\mathrm{e},\ldots$ $L(\Lambda I)$ -theory $T(\mathrm{A}I)$
$\sim\zeta^{1}(\lambda I)$ -structure elementary equivalent . elementary
extension $\lambda I_{1}$
elementary extension $\mathrm{t}_{)}\mathrm{o}\mathrm{w}\mathrm{e}\mathrm{r}\lambda I\prec\Lambda I_{1}\prec\cdots\prec \mathrm{A}I_{n}\prec \mathrm{A}I_{n+1}\prec\cdots$




$\kappa$-saturated elementary extension $\kappa^{+}$
elementary extension tower ordinal $\alpha<\kappa^{+}$
$AI_{\alpha}$ $\mathrm{A}I_{\alpha}$ $\Lambda I_{\alpha+1}$ $\gamma<\kappa^{+}$ limit $\lambda I_{\gamma}=\bigcup_{\alpha<\gamma}\lambda I_{\alpha}$
tower union $I^{*}$ $A\subset\Lambda I^{*},$ $|A|<\kappa$ $\kappa^{+}$
$\alpha<\kappa^{+}$ A\subset AI $\Lambda I^{*}$ $\Lambda I$ $\kappa$-saturated elementary
extensionl
Theorem 19 $\kappa$ -saturated elementary extension




$|\mathrm{A}I|$-saturated saturate $\text{ }$ complete $T$ sat-
urated model universal domain
Theorem 20 $T$ compfete $\lambda I$ $\kappa$ saturated modd
1. $N$ $\kappa$ saturated model $\lambda I$ $N$
2. $\kappa$ $T$ $AI$ elememta subsrructure
( $\kappa$-universal )
3. $A,$ $B$ $\mathrm{A}I$ $\kappa$ $\mathrm{t}\mathrm{p}(A)=\mathrm{t}\mathrm{p}(B)$ $A$ $B$
bijection $\sigma$ $L$ -fomula $\varphi(\overline{x})$ , cz 6 $A$ $\mathbb{J}I$ $\varphi(a)\Leftrightarrow$
$\varphi(\sigma\overline{(}a))$ ( $\sigma$ partial elementary mapping ) $\sigma$ $\lambda I$
( $(strongly)\kappa$ -homogeneous )
Poizat [2] [4] saturated
saturated model universal domain
complete $T$ $\kappa$ $\kappa$-saturated,
(strongly) $\kappa$-holnogeneous ( $\kappa$
) universal domain (
[1] Ziegler )
$\kappa$-universality $\kappa$-saturatedness
Theorem 21 $T$ complete $\sim\sigma^{1}$ -theory, $\mathrm{A}I$ $T$ $\kappa$ -saturated












$\mathrm{t}\mathrm{p}(B/A)=\{\psi(x_{\lambda_{1}}, \ldots, x_{\lambda_{m}});m\in \mathrm{N}, \psi\in Z(A), \mathbb{J}I\models\psi(b_{\lambda_{1}}, \ldots, b_{\lambda_{m}})\}$
( )
4 type prime ideal
$K$ $ACF_{\mathrm{p}}$ $A$ $K$ $k$ $A$ $K$
$S_{n}(k)$ $S_{n}(A)$ homeomorphic $\varphi(\overline{x},\overline{y})$ L-formula,
$\overline{b}\in k$ $L(\overline{b})$ -formula $\varphi(\overline{x},\overline{b})$ $L$-formula $\psi(\overline{x},\overline{z})$ $\overline{a}\in A$
$K\models\forall\overline{x}(\varphi(\overline{x},\overline{b})\Leftrightarrow\psi(\overline{x},\overline{a}))$






$f=0$ $g=0\Rightarrow f+g=0$ ,
$f=0\Rightarrow gf=0(\forall g)$
$I(p)$ ) (complete type deducfion )
$fg\not\in I(p)$ fg=0\not\in p $f=0\vee g=0\not\in p$ . $f=0,$ $g=0\not\in p$




$\{f(\overline{x})=0;f\in I\}\cup\{g(\overline{x})\neq 0;g\not\in I\}$
( ) $p\in S_{n}(k)$ $\mathrm{Q}.\mathrm{E}$ .
complete $I(p)=I$
$I:S_{n}(k)arrow Spec(k[\overline{x}])$ $I(p)=I(q)$ $p=q$
bijection Spec(k $[\overline{x}]$ ) c Zariski topology $I$
continuous bijection homeomorphism $f(\overline{x})\in k[\overline{x}]\backslash k$
$\{p\in S_{n}(k);f=0\in p\}$ clopen $\{I(p)\in Spec(k [\overline{x}]);f\in I(p)\}$
open $\text{ }$ closed
ACF $S_{n}(k)$ constructible topology (definable set $\mathrm{Q}.\mathrm{E}$ .
constructible $\text{ }$ ) Constructible topology Zariski topology
Haussdorf compact Haussdorf
$\text{ }$ quasi-compact
$I$ type prime ideal
$p\in S_{n}(k)$ generic point $I(p)\in Spec(k[\overline{x}])$
fundamental order
universal domain $\Omega$
$|k|<|\Omega|$ $\Omega$ $k$ infinite transcendence degree $I\in$
$Spec(k[\overline{x}])$ $k[\overline{x}]/I$ $\Omega$ ( $\mathrm{k}$-embed
( $x_{1}+I,$ $\ldots,$ $x_{n}$ 1) $\grave{\grave{\grave{3}}}$ $I$





elementary submodel nlodel conlplete )
strong homogenity $A,$ $B$ $|\Omega|$
$\mathrm{t}\mathrm{p}(A)=\mathrm{t}\mathrm{p}(B)$
.
$\langle A\rangle\simeq\langle B\rangle$ . $\langle$ $)$
algebraic closure $\Omega$ $\langle A\rangle$ ,
13
14




$k$ $\Omega$ $C$ $l$ $\Omega$ $D$
$\mathrm{a}\mathrm{c}1(k(C))=\mathrm{a}\mathrm{c}1(l(D))=\Omega$ $|C|=|D|$
$\Omega$ ( $A,$ $B$ $|\Omega|$
$\mathbb{C}$
$2^{\aleph_{0}}$ saturated structure $A$ $\mathbb{C}$ $\mathbb{Q}$
$B$ $A\backslash \{\pi\}$ $\mathbb{Q}(A)$ $\mathbb{Q}(B)$
$\mathbb{C}$ )
2 ( )
$K,$ $L\subset\Omega,$ $K\simeq_{\sigma}L$ $\varphi(\overline{x})\in L,\overline{a}\in K$
$\Omega\models\varphi(\overline{a})$
$\mathrm{Q}.\mathrm{E}$ . $\Omega\models\varphi(\sigma(\overline{a}))$ quantifier free formula
$\mathrm{t}\mathrm{p}(K)=\mathrm{t}\mathrm{p}(L)$ .
5 Elimination of imaginaries(E.I.)
1
many sorted [1]
2 Ziegler many sorted
two-elenent set $\{a, b\}$ definable set
$K^{2}$ (tuple) $\{a, b\}\Leftrightarrow$ ( $a+b$, ab) two-element set
Definition 23 $T$ complete $\Omega$ universal domain $T$ (strong)
etimination of imaginaries formula $\varphi(\overline{x},\overline{a})$ ( $\varphi(\overline{x},\overline{y})$
$\sim\sigma_{-fomula}^{\iota}$ $\overline{a}$ $\in\Omega$ ) ruple 6
$D=$ {d-\in \Omega $\Omega\models\varphi(\overline{d},\overline{a})$
$\forall\sigma\in \mathrm{A}\mathrm{u}\mathrm{t}(\Omega)$ $\sigma(D)=D\Leftrightarrow\sigma(b_{i})=b_{i}$ for each $\mathrm{i}$
two-elenent set $\{a, b\}$ tllple ($a+b$, ab)
( $\{a, b\}$ $x=a\vee x=b$ tuple ($a+b$ , ab) $\{a, b\}$ canonical
parameter ) canonical parameter tuple
$a+b-ab,$ $a+b+ab)$ $\{a, b\}$ canonical parameter $\overline{b}$ canonical
parameter $\mathrm{d}\mathrm{c}\mathrm{l}(\overline{b})=\mathrm{d}\mathrm{c}\mathrm{l}(\overline{c})$ c- canonical parameter
14
15
$\Omega$ $ACF_{p}$ universal domain
$V$ $\Omega^{n}$ affine algebraic set $k_{0}$ $k_{0}$
1 $\overline{b}$
$ACF_{p}$ $\mathrm{E}.\mathrm{I}$ . definable set
$\mathrm{Q}.\mathrm{E}$ . $\Omega^{n}$ definable set $V$
$i=1\vee^{k}(f_{\mathrm{I}}^{i}(\overline{x}, b_{1}^{i})=0\wedge\cdots f_{m}^{i}(\overline{x},\overline{b}_{m}^{i})=0\Lambda g^{i}(\overline{x}, c.)\triangleleft\neq 0)$
(definable set formula ) $1\leq \mathrm{i}\leq k$




$i=1\vee k(f_{1}^{i}(x,\overline{b}^{i})=0\Lambda\cdots f_{m}^{i}(\overline{x}, \overline{b}^{i})=0$ A $y_{i}g^{i}(\overline{x},\overline{c}^{i})-1=0)$
$\Omega^{n+k}$ $V’$ ( ) $\Omega$
$\sigma$ $\sigma(V)=V\Leftarrow\Rightarrow\sigma(V’)=V’$ $V$ $-arrow$
tuple $V$ canonical parameter
Theorem 24 AC $E.I$.
( ) tuple canonical pa-
rameter definable closure perfect closure
definable closure
Elimination of imaginaries [1] Pillay
Definition25 $\mathrm{A}I$ $E.I$.
$e\in\lambda I^{eq}$ f tuple b- $e\in dcl(\overline{b})$ $\overline{b}\in dcl(e)$
$\mathrm{E}.\mathrm{I}$ . theory version
Definition 26 complete $T$ $E.I$. $E.I$.
15
16
$T$ universal domain $\Omega$
$\Omega$ definable set canonical parameter
definable set $\emptyset$ ( parameter )
$E(\overline{x},\overline{y})\in L$
$\overline{a}\in\Omega$ $E(\overline{x},\overline{a})$
$e=\overline{a}/E=f_{E}(\overline{a})$ canonical parameter $\overline{b}$
. $\sigma(\overline{b})=\overline{b}(\mathrm{p}\mathrm{o}\mathrm{i}\mathrm{n}\mathrm{t}\mathrm{w}\mathrm{i}\mathrm{s}\mathrm{e})$ $\Omega$
$e\in dcl(\overline{b})$ parameter $\overline{b}$ ( ) $L^{eq}$-formula $e$
$\sigma$ $e$
$E(\overline{x}, a)$
(setwise) $\text{ }(\sigma(e)=\sigma(f_{E}(\overline{a}))=f_{E}(\sigma(\overline{a}))$ . $\sigma(e)=e$ $E(\sigma(\overline{a}),\overline{a})$
)
$\overline{b}\in dcl(e)$ $e$ ( $E(\overline{x},\overline{a})$
b- (poitwise)
canonical parameter
definable set parameter $\psi(\overline{x})$ ( )




( $E$ ( $\overline{x},$ $y$ ) $E(\overline{x},\overline{a})$ (setwise) definable set
$\varphi(\overline{x},\overline{a})$ (setwise)
$\backslash$
Lemma 27 $T$ complete theory, $\Omega$ universal domain, $A\subset\Omega$ $\text{ }\Omega^{n}$
definable set $\varphi(\overline{x},\overline{a})$ Aul(\Omega /A) ( $A$ )
setwise definable set $A$ parameter b- formula
$\psi(\overline{x},\overline{b})$ ( )
$\Omega$ $ACF_{p}$ universal domain, $K$
$\Omega^{n}$ $V$ $K$ algebraically normal $V$ $K[\overline{x}]$
algebraically noromal $V^{\sigma}=V(\forall\sigma\in \mathrm{A}\mathrm{u}\mathrm{t}(\Omega/K))$
( ‘ ’ )
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Proof. $S_{n}(A\cup\{\overline{a}\})$ $S_{n}(A)$ $\pi$ $\pi$




$H_{1}\cap H_{2}\ni p$ $q_{3}.,$ $q_{2}\in S_{n}(A\cup\{a\})$
$q_{1}\in\langle\varphi(\overline{x},\overline{a})\rangle,$ $q_{2}\in\neg\langle\varphi(x,\overline{a})\rangle$
. $q_{1},$ $q_{2}$ $\Omega$ reaiization $\overline{c}_{1},\overline{c}_{2}$
$\Omega\models\varphi(\overline{c}_{1}, a),$ $\neg\varphi(\overline{c}_{2}, a)$
. $\mathrm{t}\mathrm{p}(\overline{c}_{1}/A)=\mathrm{t}\mathrm{p}(c_{2}/A)$ ( $\mathrm{t}\mathrm{p}(\{\overline{c}_{1}\}\cup A)=\mathrm{t}\mathrm{p}(\{\overline{c}_{2}\}\cup A)$ )
$\sigma\in \mathrm{A}\mathrm{u}\mathrm{t}(\Omega/A))$ $\sigma(\overline{c}_{1})=\overline{c}_{2}$ . $c_{1}$ definable set $\varphi(\overline{x}, a)$
definable set $\sigma$
$H_{1},$ $H_{2}$ clopen $S_{n}(A)$ clopen set $\psi\in\sim(rA)$
$\langle\psi\rangle$ open $\cup\psi_{i}$’ closed




. ( d- $\mathrm{t}\mathrm{p}(d/A\cup\{\overline{a}\})$ )
Lemma 28 $T$ complete theory, $\Omega$ universal domain $T$
$E.I$.
formula $\varphi(\overline{x},\overline{a})$ ( $\varphi(\overline{x},\overline{y})$ $L$ -fomula $\overline{a}$ $\in\Omega$ )
$\sim C^{1}$-formula $\psi(\overline{x},\overline{z})$
$\Omega\models\forall\overline{x}(\varphi(\overline{x},\overline{a})\Leftrightarrow\psi(\overline{x},\overline{b}))$
( $\Omega^{n}$ ) $\overline{b}\in\Omega$
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$x=a\vee x=b$ formula $x^{2}-z_{1}x+z_{2}=0$ $\psi$
Proof. $\Leftarrow$ $\overline{b}$ l canonical parameter
definable set $\varphi(\overline{x},\overline{a})$ ( $D$ ) canonical parameter
$\overline{b}$
$D$ formuia $\psi’(\overline{x},\overline{b})$ b-











$\Lambda I$ universal domain $\Omega$ $\lambda I\prec\Omega$ $\mathrm{A}I$ definable set
$\varphi(\overline{x},\overline{a})$ ( $\varphi(\overline{x},\overline{y})$ $\epsilon$-formula $\overline{a}\in \mathrm{A}I$) $\psi$ $\overline{b}\in\Omega$
’ $\Lambda I$ $\overline{b}$
$\sim\sigma\backslash eq$ $E(\overline{x},\overline{y})$ definable equivalence relation over $\emptyset,\overline{a}\in\lambda I$ ,








$b_{1}$ $b_{1}\in \mathrm{d}\mathrm{c}1(e)$ . $b_{2},$ $\ldots,$ $b_{k}$
canonical param-
eter $D$ parameter $\mathrm{d}\mathrm{c}1(\overline{b}’)=\mathrm{d}\mathrm{c}1(\overline{b})$ $\overline{b}’$
canonical parameter ( $\Omega$ )
parameter definable closure $\mathrm{d}\mathrm{c}1(\overline{b})$
parameter definably closed set
$\overline{a}$ definable set $D$ parameter ( formula
$\eta(\overline{x},\overline{y})\in \mathfrak{L}$ $D$ $\eta(\overline{x},\overline{a})$ ) $\overline{a}$ $\Omega$ $b$
18
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$\overline{b}\in \mathrm{d}\mathrm{c}1(a)$ . $ACF_{p}$ $p=0$
$\mathrm{d}\mathrm{c}\mathrm{l}$ $p>0$ perfect closure
comple{,e $\mathrm{E}.\mathrm{I}$ .
$\mathrm{E}.\mathrm{I}$ . $ACF$ $\mathrm{E}.\mathrm{I}$ .
$D\subset\Omega^{n}$ $\varphi(\overline{x},\overline{a})$ definable set parameter
formula $\psi(\overline{x},\overline{z})$ b- $D$ $\psi(\overline{x},\overline{b})$
$\uparrow l’$ parameter a-
$T$ 2 constant ( $\mathrm{d}\mathrm{c}\mathrm{l}(\emptyset)$
2 ) $\psi$ parameter $\varphi(\overline{x},\overline{y})$
( $T$ $\mathrm{d}\mathrm{c}\mathrm{l}(\emptyset)$ )
AC $\mathrm{d}\mathrm{c}\mathrm{l}(\emptyset)\ni 1,0$ compactness theorem
Proposition 29 $T$ $E.I$. $T$ $\mathrm{d}\mathrm{c}\mathrm{l}(\emptyset)$ 2
$\Lambda I$ $T$ $D\subset\lambda I^{n}$ $\varphi(\overline{x},\overline{a})$ definable set
$\overline{x}$ , $\overline{y}$) pammeter formula $\psi(\overline{x}, z)$
b- $D$ $\psi(\overline{x},\overline{b})$
Proof. $\Omega$ universai domain $n$ y- $S_{n}(\emptyset)$
$p\in S_{n}(\emptyset)$ $p$














( $\overline{a}\in\Lambda I$ $p=\mathrm{t}\mathrm{p}(\overline{a})\in S_{n}(\emptyset)$ a- \forall y- formula
)
$\mathrm{o}^{1}\mathrm{c}1(\emptyset)$ 2 0, 1
$z_{j}=0$ $\overline{z}_{i}$
$(\psi_{1}(\overline{x},\overline{z}_{1})$ $\overline{z}_{1}$
$l_{1}$ $\psi_{1}(x,\overline{z}_{1})\wedge z_{l_{1}+1}=0$ parameter $l_{1}+1$ )
$\Lambda I\models\forall\overline{y}\bigvee_{i}\exists!\overline{z}\forall\overline{x}(\varphi(\overline{x},\overline{y})\Leftrightarrow\psi_{i}(\overline{x},\overline{z})))$
parameter $u_{1},$ $\ldots,$ $u_{k}$ formula $\mathrm{i}=$
$1_{7}\ldots,$ $k$
$u_{i}$ 0 1 $u_{i}$ 1 0
$\bullet$ $u_{i}=1$ iff $\psi_{i}(\overline{x},\overline{z})$
$\forall\overline{t}(\forall\overline{x}(\psi_{i}(\overline{x},\overline{z})\Leftrightarrow \mathrm{t}_{7}l_{i},(\overline{x}, t\gamma)arrow\overline{t}=z$
$j<\mathrm{i}$
$\neg(\forall\overline{t}(\forall\overline{x}(\psi_{i}(\overline{x},\overline{z})\Leftrightarrow\psi_{j}$ ( $\overline{x}$ , )\rightarrow t- $=\overline{z}$)
conjunction $\psi(\overline{x},\overline{u},\overline{z})$ $a\in\Lambda I$ unique
$\overline{c.}$ , b- $D$ $\psi(\overline{x},\overline{c}, \overline{b})$ $\square$
$E(\overline{x},\overline{y})$ parameter
parameter definable function $f_{E}$ ( $\Lambda I^{\mathrm{n}}$ $\lambda I^{m}$ $n$ x-
$m$ $\overline{c},$





parameter set $A$ $A$ $\mathcal{L}(A)$ theory
$T(A)=\mathrm{T}\mathrm{h}(\mathbb{J}I, a)_{a\in A}$ $T(A)$ $\mathrm{E}.\mathrm{I}$ . $L(A)$
$E(\overline{x},\overline{y})$ $\emptyset$-definable $f_{E}$ A-definable
$A$-definable set
Example. $K$ $\mathrm{P}^{1}$ .
1 definable set $K^{2}\backslash \{(0,0)\}$ $\emptyset$-definable equivalence relation
$E(\overline{x},\overline{y}).‘ x_{1}y_{2}-x_{2}y_{1}=0$ parameter ( $a_{1}$ , a2)
$E(\overline{x}, \overline{a})$
$a_{1}\neq 0$ canonical parameter $b=a_{2}/a_{1}$
$a_{1}=0$ canonical parameter $b=1$
( $\mathrm{a}\mathrm{c}\mathrm{l}(\emptyset)_{\text{ }}$ 1 ) for-




( $y_{1}\neq 0\wedge z=y_{2}/y_{1}$ A $u=1$) $\vee(y_{1}=. 0\Lambda z=1\Lambda u=0)$




disjoint affine $K\mathrm{x}\{0\},$ $K\mathrm{x}\{1\}$ $K^{2}$ $x\neq 0$
$(x, 0)\Leftrightarrow(1/x, 1)$ $K^{2}$
$E(x_{1}, x_{2}, y_{1}, y_{2});(x_{1}\neq 0\wedge y_{1}\neq 0\wedge x_{2}=0\wedge y_{2}=1\Lambda x_{1}.y_{1}-1=0)$




1 ) $\{(a_{7}0), (1/a, 1)\}(a\neq 0)$
canonical parameter $a$ 1 $\{(c, d)\}$
tuple canonical parameter $f_{E}$ $(K\mathrm{x}\{0\})\cup(K\mathrm{x}\{1\})$
( $y_{1}\neq 0\wedge z_{1}=y_{1}$ A $z_{2}=0$) $\vee(y_{1}=0\Lambda z_{1}=y_{1}\wedge y_{2}=z_{2})$
Weil abstarct algebraic variety definable set (con-
structible set) definable atlas definable chart
geometry subvariety
variety $f_{E}$
Weil-Hrushovski-van den Dries theorem ( $[1]\mathrm{P}\mathrm{i}\mathrm{l}\mathrm{l}\mathrm{a}\mathrm{y}$ )
$G$ definable ( $K^{n}$ definable set
$\mathrm{d}\mathrm{e}\xi \mathrm{i}\mathrm{n}\mathrm{a}\mathrm{b}\mathrm{l}\mathrm{e}$ ) $G$ definably isomorphic
definable set (
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